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Abstract. It is known that applying independent component analysis on natural scenes spans filters
similar to real-valued Gabor functions. In this work, we investigate what are the actual differences between
ICA filters and Gabor functions. Firstly, we assume a simple model where ICA filters can be represented
as the convolution of a Gabor component with an unknown function. Then, after estimating the Gabor
component, we analyze how the ICA filters and their Gabor components differ in energy distribution and
individual coding behavior. We found that similar to V1 receptive fields, ICA filters compensate for power
spectrum of the input signal. However, their Gabor components do not preserve this property due to
differences in energy distribution. On the other hand, the analysis of coding behavior for individual of ICA
filters and Gabor components shows that there are relative small differences when using objective measures
of sparseness and reconstruction error.

1 Introduction

The independent component analysis (ICA) of natural scenes yields filters similar to Gabor functions1. These
functions are known by their fine sampling of the space-frequency conjoint domain. This space-frequency tradeoff
is likely an important property of Gabor functions regarding efficient coding of natural scenes. In fact, it has
been shown that such images contain features that are localized in both space and frequency2.

In this way, the analysis of ICA filters learned from natural scenes has been largely focused on their Gabor-
like structure. Indeed, it has been shown that a Gabor fitting can account for 92% of the variance of filters
estimated by sparse coding3, which is closely related to ICA. However, little attention has been given to identify
what are the real differences between these filters and Gabor functions, and how important these differences are
for the efficient coding of natural scenes.

There are several motivations for those questions. Firstly, to provide a better understanding of how to encode
the structure of natural scenes efficiently. Secondly, to improve the current model of receptive fields for simple
cells found in the primary visual cortex (V1).

In respect to the last motivation, there has been three interesting communications4,5,6 that followed in
response to the paper titled “Do Gabor functions provide appropriate descriptions of visual cortical receptive
fields?”7. In that work, the authors argued that real-valued Gabor functions would not minimize the space-
frequency joint uncertainty, and therefore, there was no strong reason to choose Gabor functions over any other
real-valued functions of similar shape such as Gaussian derivatives.

The communications that followed pointed out several errors in proofs in that paper which results were
therefore incorrect. However, the discussion highlighted relevant matters to neural coding and vision research.
For instance, it was questioned whether the capacity of minimizing space-frequency joint uncertainty is sufficient
to produce efficient codes. In fact, it is known that the spatial and frequency characteristics of the optimal filter
is determined by the specific structure of the stimulus and that different type of stimuli require different filters
in order to be efficiently encoded8.

In order to provide more information on this discussion subject, we extend the analysis provided in Ref. 3.
Specifically, we investigate the characteristics of the residuals between ICA filters and their Gabor fits. Firstly,
we analyze how filters and fits differ in their energy distributions, and we correlate these differences with the
energy distribution of natural scenes. Secondly, we investigate how these differences can change the role of each
filter when coding natural images. We also examine whether or not intrinsic estimation errors from the fitting
algorithm can account for the observed differences between ICA filters and their fits.

2 Methods

A 2D real-valued Gabor function g(x, y) is described as the product between a Gaussian envelope and a Cosine
component, i.e.,

g(x, y) = a · e 1
2
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σx

)2
−
(

y−yc
σy

)2]
· cos[2π · f · (x− xc) + φ], (1)
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where xc, yc are the center position coordinates; σx, σy represent the horizontal and vertical lengths and f, φ
are the frequency and phase of the Cosine grating. The direction of oscillation of the Cosine grating determines
the orientation θ of the Gabor function, which for Eq. 1 correspond to the normal.

Since the real difference between ICA filters learned from natural scenes and real-valued Gabor functions is
still unknown, we assume that an ICA filter wi(x, y) can be described as

wi(x, y) = gi(x, y) ∗ hi(x, y) + ni(x, y), (2)

where gi(x, y) is a Gabor function, hi(x, y) is an unknown function that deforms the Gabor component and
ni(x, y) is an additive signal of unknown density distribution.

Here, we estimate the Gabor component gi(x, y) by fitting a Gabor function through a gradient-descent
based method3. As data fitting normally involves estimation errors, we also determine later the relevance of
intrinsic errors of the fitting algorithm to the analysis.

The objective of this work is to analyze how the Gabor component of an ICA filter is modified by the
functions hi(x, y) and ni(x, y). The proper estimation of these functions, however, is propose as theme of future
research.
2.1. Independent component analysis.
For a set of input signals x1,x2, . . . ,xl represented by the columns of a matrix X, the ICA model can be written
as

Y = WX, (3)

where rows of W and Y represent respectively adaptive filters w1,w2, . . . ,wm and their responses y1,y2, . . . ,ym

to the input set. The goal of ICA is to adapt the set of filters that have maximally mutually statistically
independent responses.

Another common description of the ICA model is found by inverting Eq. 3 so as to create a linear generative
model to represent the input, i.e.,

X = AS, (4)

where A = W−1, and its columns, a1,a2, . . . ,am, are normally called basis functions. The rows rows of S,
i.e., s1, s2, . . . , sm, which determine how each basis function is activated by the input, must also be maximally
mutually statistically independent.

In order to estimate W, we use the FastICA algorithm9 which works by firstly whitening the input set, and
then maximizing the negentropy of the response vectors. This is carried out under the constraint that the filters
have unity norm.
2.2. Gabor fitting.
The fitting method used here is described at Ref. 3. For a reference function wi(x, y), the fitting process is divided
in three steps. The first step is the estimation of parameters of the Gaussian envelope, i.e., a, xc, yc, σx, σy, θ.
In the second step, the parameters of the Cosine component of the Gabor function, i.e., f, φ are estimated
for a fixed Gaussian envelop with parameters estimated at the previous step. The orientation parameter is
optimized once more at this stage generating a new value θ“. The third step consists of a joint optimization of
the parameters using the previous estimated values as initial points. The new values a‘, x‘

c, y
‘
c, σ

‘
x, σ‘

y, f ‘, φ‘, θ“,
represent the parameters of the Gabor function that optimally describe the reference function wi(x, y).

In this work, we also apply the following constraints on the fits:

µg ← µw, stdg ← stdw, (5)

where µg, µw and stdg, stdw are mean values and standard deviations of g(x, y) and w(x, y) respectively. It is
important to note that (5) does not alter the shape of the fits since they are just a translation and a scaling
transformation.

As in the case of ICA filters, i.e., rows of W, let us represent the fitted Gabor components as the rows of a
matrix G.
2.3. Analyzing coding behavior.
Here we compare the coding behavior of ICA filters to that of the Gabor components. According to the formu-
lation (3), we firstly calculate the response of both ICA filters W and Gabor components G to a set of natural
images. Then, we measure the kurtosis values of the responses.

Secondly, we analyze the error when representing a set of natural images by using the generative model in
Eq. 4. For this, we firstly calculate the basis functions A either as W−1 (for ICA filters) or G−1 (for Gabor
components). We then estimate the activation coefficients by projecting the input X onto the basis functions
A, i.e., S = (ATA)−1ATX.

Now, assuming we use only k basis functions from the entire matrix A, we can define the error

ε(k) = X−AkS, (6)

where Ak contains only the k selected basis functions. Here, we use a matching pursuit type algorithm to choose
these k basis functions. The procedure can be described as follows:
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1. k=1;
2. Initialize the matrix Ak containing only the bias basis function as its first column;
3. For every basis function ai, compute ε(k + 1), where Ak+1 has ai as its k + 1th column;
4. Define the k + 1th column of Ak+1 as the basis function ai which minimizes ‖ε(k + 1)‖;
5. k = k + 1;
6. Repeat from step 2 to 6 until the desired number of selected basis functions is achieved;

The analysis in this section is similar to the one in Ref. 3. However, our methodology allow us to examine the
coding behavior of filters individually or when varying the number of basis functions.

3 Results

We have randomly selected 20 sets of ten natural scenes from the McGill Color Image Database10. From each
set, we have extracted 100.000 image patches of 16 x 16 pixels at random. These 20 groups of the images pacthes
were used as input sets for the ICA algorithm. For each input set, we have learned the 256 filters generated
by the FastICA algorithm. In total we have generated 5100 ICA filters and 20 bias vectors (one for each set of
filters).

Figure 1.A shows examples of ICA filters and their corresponding Gabor components. We have also calculated
the signal-to-distortion between the ICA filters and their Gabor components. Figure 1.B shows the histogram
for the values of signal-to-distortion.
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Fig. 1. ICA filters and Gabor com-
ponents. (A) Examples of ICA filters
and their respective Gabor components.
(B) Histogram for signal-to-distortion ratio
(10 log10 ‖wi‖2/‖wi − gi‖2).

3.1. Energy distribution
In order to gain insight on the effect of hi(x, y) and ni(x, y) in Eq. (2), we compare the power spectrum of ICA
filters wi(x, y) with that of the Gabor components gi(x, y). It is important to analyze the power spectrum since
it has been noticed that V1 cels adaptively change their receptive fields so that to compensate for the energy
distribution of the input stimuli8. In other words, the adaptation increases or decreases sensitivity to under
or over-represented frequencies of the input. Here, we investigate whether or how well ICA filters and Gabor
components follow this energy compensation property.
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Fig. 2. Average power spectra of ICA filters and
Gabor components. (A) Power spectrum averaged
over all 5100 ICA filters. (B) Average power spectrum
for the Gabor components. In order to agree with ex-
periments of Ref. 8, the spatial profiles are calculated
as the average amplitude of the 2D Fourier spectra.
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Figure 2 shows the average power spectra calculated over all 5100 ICA filters and their respective Gabor
components. For both power spectra, energy at horizontal and vertical orientations is lower than that of oblique
orientations at the same frequency. This characterizes the diamond shape of the energy curves. For ICA filters
this pattern is also preserved over the low-frequencies (center area of the power spectra). However, for the
Gabor components, the shape of the energy curves are more rounded indicating equivalency in energy over
different orientations. In order to confirm that the differences between the power spectra of ICA filters and
Gabor components are not due to intrinsic errors from the fitting algorithm itself, we have performed a second
analyzed described in Appendix A.
3.2. Sparseness and error of reconstruction
In this analysis, the input set consisted of 100.000 image patches extracted at random from 25 images which
were not used during learning of the ICA filters. Also, we have randomly selected one set of ICA filters and
corresponding Gabor components from the 20 learned sets. After calculating the responses vectors by using
Eq. (3), we have calculated their kurtosis values. Figure 3.A shows the kurtosis curves for ICA filters and their
respective Gabor components. The responses from ICA filters and those of Gabor components have very close
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Fig. 3. Kurtosis and reconstruction error when coding natural images (Blue) ICA filters. (Green) Gabor
components. (Red) Absolute error.

kurtosis values. The kurtosis of responses from Gabor components seem slightly higher. More importantly, the
kurtosis organization imposed on the filters is not preserved for the Gabor components.

In order to analyze the reconstruction error, we selected 20.000 image patches not used during learning. By
using the same set of ICA filters and Gabor components used in the sparseness analysis, we apply the procedure
described in section 2.3. Also to analyze the effect of the sparseness differences in Figure 3.A, the coefficients
in matrix S in Eq. 6 are uniformly quantized with 7 bits. Then, based on ‖ε(k)‖ we calculate the average
signal-to-distortion ratio over all image patches in function of the number k of selected basis functions. Figure
3.B shows the signal-to-distortion curves. The distortion curves shows that ICA filters produce less errors than
the Gabor fits.

4 Discussion

The average signal-to-distortion ratio between ICA filters and their Gabor component is 15 dB. In terms of
percentile error, this means that the Gabor components can account for more than 97% of the variance of
ICA filters. This is significantly high when compared to the 92% of explained variance for sparse coding filters3.
However, this does not imply that the ICA filters and those estimated by sparse coding have significant different
structures. Rather, differences in the implementation of the fitting algorithm are likely to be responsible for the
higher correspondence for ICA filters.

Although differences between ICA filters and Gabor components are relative small (less than 3%), they
exhibit distinct power distributions as shown in Figures 2.A to 2.D. Specially differences in forms of power
decay over low frequency areas. For instance, ICA filters have diamond-shaped energy curves towards the low
frequency center, whilst the curves for Gabor components are more rounded. Observe that the power decay
pattern in shape of diamond in fact correspond to the pattern of how energy increases over low frequencies in
the average power spectrum of natural images (See Figure 2 of Ref. 11).

This suggests that similar to the receptive fields of V1 cells, ICA filters can also compensate for the input
power spectra. More importantly, these results suggest that one of the effects of the functions hi(x, y) and
ni(x, y) in Eq. 2 is to provide a fine adjust of these low frequency areas in the Gabor components. This effect
may play an important role for neural coding but additional research is required to identify the actual goal of
such strategy. In fact, the analysis of coding behavior in Figure 3 shows that the differences between ICA filters
and Gabor components are not extremely high in terms of sparseness and reconstruction error.
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However, it is also necessary to investigate other aspects of coding behavior. For instance, the fact that the
kurtosis organization is not preserved for Gabor components in Figure 2.A suggests that an ICA filter can have
significantly different role than its Gabor component when encoding natural images. This is because kurtosis,
as a measure of sparseness, represents how often the filter is activated during coding. In this way, an input
image may activate a certain group of ICA filters but not their corresponding Gabor components. We expect
that further analysis, specifically the estimation of the functions hi(x, y) and ni(x, y) in Eq. 2, will be able to
explain and model the differences between ICA filters and real-valued Gabor functions.
Appendix A
Here show that the observed differences between ICA filters and their Gabor components are not due to estima-
tion errors intrinsic to the fitting algorithm. It is important to note that in case the intrinsic errors are relevant
to the analysis, firstly, fitting true Gabor functions should introduce significant differences in their power distri-
butions in relation to that of the original Gabor functions. Secondly, the second fit should also exhibit different
coding behavior from the original Gabor functions.

In this way, we perform a second fit, but now of the Gabor components. Then, we examine both power
distribution and coding behavior. Figure 5 shows the results.
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Fig. 4. Ground-truth. (A) Average power spectrum of
the Gabor components. (B) Average power spectrum of
a second fit for the Gabor components. (C) Analysis of
kurtosis values of responses. (D) Reconstruction error

One can see that, firstly, the fitting algorithm does not introduce distortions in the power spectrum such as
those seen in Figure 3. Secondly, the difference in coding behavior in terms of sparseness and reconstruction is
very low when compared to that shown in Figure 4.
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